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2 Alexander I. Kheyfits
The associated Legendre functions of the first kind P µν (z) are par-
ticular solutions of the Legendre differential equation (in notations we
follow [2, Chap. 3])
(1− z2)y′′(z)− 2zy′ + [ν(ν + 1)− µ2(1− z2)−1] y = 0;
P µν (ξ) are these functions on the cut −1 < ξ < 1 [2, Sect. 3.4], µ and ν
are, in general, complex parameters. In many instances the Legendre
functions are a natural replacement of the trigonometric functions in
many-dimensional problems, so that there is a continuous stream of
research regarding the spherical functions. In particular, it may be of
interest to represent certain analytic objects, like series and integrals
as Legendre’s functions; among the newest publications see, e.g., [7].
In this note we study the connection between spherical functions and
the classical kernel
k(n−2)/2(t, ξ) = (1 + t
2 + 2tξ)
2−n
2
and its modifications, that appear in many questions. For instance,
in complex analysis and the potential theory, the theorems of Weier-
strass and Hadamard giving the integral representations of subhar-
monic functions in Rn, n ≥ 2, are based on the modified kernels,
where q = 0, 1, 2, . . .,
Kq(x, y) = −(r2 + t2 − 2tr cosψ) 2−n2 + t2−n
q∑
j=0
(r
t
)j
G
n−2
2
j (cosψ),
called the Weierstrass primary kernel of genus q – see, e.g., [5, Chap.
3 and 4] or [1], and the references therein. Here ψ, −pi ≤ ψ ≤ pi, is
the angle between the vectors x, y ∈ Rn, r = |x|, t = |y|, and we set
ξ = cosψ, −1 ≤ ξ ≤ 1.
The study of asymptotic properties of subharmonic functions nat-
urally leads to the Mellin transform of the kernels Kq [5, Chap. 3,
4]. It was observed there [5, p.160] that the Mellin transform of K0
essentially is an associated Legendre spherical function, but no explicit
expression was given. For the general q > 0, this Mellin transform has
been considered in some recent work on the asymptotic properties of
the subharmonic functions in Rn, see, in particular [4].
It is known, however, that the Mellin transform of the Riesz kernel
kλ(t, ξ) = (1 + t
2 + 2tξ)−λ, ℜλ > 0,
can be represented through the associated Legendre’s functions,
(1)
∫∞
0
tν−µ (1 + t2 + 2tξ)
µ−1/2
dt
= Γ(1−µ)Γ(ν−µ+1)Γ(−µ−ν)
2µΓ(1−2µ) (1− ξ2)
µ/2
P µν (ξ),
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where Γ is Euler’s Γ−function, [3, Sect. 6.2, Eq. (22)]. The integral in
(1) is convergent if
ℜµ− ℜν < 1 and ℜµ+ ℜν < 0,
thus in particular, ℜµ < 1/2. It should be also mentioned that the
kernel kλ is a generating function of the Gegenbauer polynomials G
λ
j (ξ)
[2, Sect. 3.5.1], namely,
kλ(t, ξ) = (1 + 2tξ + t
2)−λ =
∞∑
j=0
(−t)jGλj (ξ).
The goal of this note is to calculate the Mellin transformation of
the kernels Kq explicitly, that is, in terms of the associated Legendre
functions P µν , which proved to be essential for our work [6]. We con-
sider only the case n ≥ 3, since for n = 2 the spherical functions are
the trigonometric functions, and the Mellin integral (2) for n = 2 was
calculated in [4], it is equal pi cos ρθ
ρ sinpiρ
.
It is convenient to introduce the kernel
h(u) = h(λ, q, u, ξ) = − (1 + 2uξ + u2)−λ +
q∑
j=0
(−u)jGλj (ξ)
= −kλ(u, ξ) +
q∑
j=0
(−u)jGλj (ξ),
which has the bound [4]
|h(λ, q, u, ξ)| ≤ Cmin{uq; uq+1}, 0 < u <∞,
where a positive constant C does not depend on u and ξ.
Proposition. For any integer q = 0, 1, 2, . . ., real ξ, −1 < ξ < 1, and
complex λ and s such that
0 < ℜλ
and
−q − 1 < ℜs < −q,
the Mellin transformation of h is
(2)
M(h, s) =
∫∞
0
{
− (1 + u2 + uξ)−λ +∑qj=0(−u)jGλj (ξ)
}
us−1du
= −
√
piΓ(s)Γ(2λ−s)
2λ−1/2Γ(λ)
(1− ξ2) 1−2λ4 P 1/2−λs−λ−1/2(ξ).
Proof. The proof is straightforward. In Rn = {x = (x1, . . . , xn)},
n ≥ 3, introduce spherical coordinates x = (r, θ1, . . . , θn−1), 0 ≤ θ1 ≤ pi,
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and 0 ≤ θk ≤ 2pi for k = 2, 3, . . . , n − 1, such that x1 = r cos θ1. The
Mellin transform of the kernel h,
(3) M(h, s) =
∫ ∞
0
h(u)us−1du
is convergent for −1−q < ℜs < −q. We integrate by parts the integral
in (3) q + 1 times, so that the polynomial part of h vanishes, therefore
∂q+1
∂uq+1
kλ(u, ξ) = − ∂
q+1
∂uq+1
h(u)
and
(4) M(h, s) =
(−1)q∏q
k=0(s+ k)
∫ ∞
0
us+q
∂q+1
∂uq+1
(
(1 + u2 + 2uξ)−λ
)
du.
The latter integral is convergent for non-integer s such that −1 − q <
ℜs < 2ℜλ, thus providing the analytic continuation of M(h,s) as a
meromorphic function into this broader domain of the s−plane.
Now we consider the Mellin transform of the kernel kλ,
M(kλ, s) =
∫ ∞
0
(1 + t2 + 2tξ)−λts−1dt,
which is convergent for
(5) − q − 1 < ℜs < 2ℜλ.
Integrating it by parts q + 1 times, we get
(6) M(kλ, s) =
(−1)q+1∏q
k=0(s+ k)
∫ ∞
0
ts+q
∂q+1
∂tq+1
(
(1 + t2 + 2tξ)−λ
)
dt.
Due to (5), all the integrated terms vanish and the integral is conver-
gent in the wider region −1 − q < ℜs < 2ℜλ excluding the poles at
integer points.
By (1), we express M(kλ, s) through P
µ
ν (ξ) with µ =
1
2
− λ and
ν = s − 1
2
− λ. Finally, combining (4) and (6) and using Legendre’s
formula for the Γ−function with double argument,
Γ(2z) = 22z−1pi−1/2Γ(z)Γ(1/2 + z),
we get the result.
The Legendre functions P µν (ξ) are entire functions in both µ and ν,
thus all the equations are justified due to the principle of analytic con-
tinuation. 
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Remark. If q = 0, another proof can be given. In this case, we can
actually compute the derivative in (4) and split the integral into two
following integrals ∫ ∞
0
uα(1 + u2 + 2uξ)βdu
with two different α. Then we apply (1) to express each of them as
P µν (z) and use the recurrence formula [2, Sect. 3.8, Eq-n (18)]
(ν − µ+ 1)P µν+1(cos θ1)− (ν + µ+ 1) cos θ1P µν (cos θ1)
= sin θ1P
µ+1
ν (cos θ1)
to arrive at (2) with q = 0. However, the explicit computation of the
derivatives for bigger q becomes cumbersome.
In the case, we are interested in, λ = n−2
2
and s = −ρ, and formula
(2) reads as follows.
Corollary. For any integer q = 0, 1, 2, . . ., real ξ, −1 < ξ < 1, and
complex ρ such that
q < ℜρ < q + 1,
the Mellin transform of h is
M(h, ρ) = −pi
√
pi2(3−n)/2
∏n−3
k=1(ρ+ k)(1− ξ2)(3−n)/4
sin piρ Γ((n− 2)/2) P
(3−n)/2
−ρ−(n−1)/2(ξ),
or using the equation
√
pi(n− 3)! = 2n−3Γ((n− 1)/2)Γ((n− 2)/2),
which can be immediately proved by induction, it is
M(h, ρ)
=
pi2(n−3)/2
∏n−3
k=1(ρ+ k)Γ((n− 1)/2)(1− ξ2)(3−n)/4
(n− 3)! sin piρ P
(3−n)/2
−ρ−(n−1)/2(ξ).
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